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Abstract—Invariant integrals are derived for coupled time dependent thermoviscoelastic solids with
spatially varying moduli. These integrals are used to obtain crack tip stress and displacement fields for
certain special strip problems where constant temperatures and displacements are applied to the strip sides.
The steady thermoelastic equations can be viewed as a limit of the time dependent coupled equations and
hence the above formulations can be used to obtain results. However, no direct formulation with the desired
properties seems possible for the steady equations. Hence, to obtain results for steady thermoelastic problems
we derive a variational principle and invariant integrals for a “pseudo” set of thermoelastic equations which can
be shown to reduce to the well known equations in an appropriate limit. Applications of these new integrals are
discussed.

1. INTRODUCTION

Recently, Wilson and Yu([1} and Gurtin[2] have considered path independent integrals for static
linear isotropic thermoelasticity. In [1] the integral is not strictly path independent since the
expressions used involve a nonvanishing volume integral (surface integral for two dimensional
applications). The integral in [2] suffers from the disadvantage that the integrand is not zero
along the crack faces. It is stressed in Atkinson[3] that this last point is worth checking since
when the integrand is not zero on the crack faces, the end points of a contour enclosing the
crack tip cannot be slid along the crack without changing the value of the integral.

To overcome the difficulties present in the above formulations we derive here alternative
invariant integrals. Moreover our integrals are valid for coupled time dependent thermo
viscoelastic solids, and in addition in favorable situations the integrands will be zero on the
crack face. It turns out that these integrals, while suitably invariant for the coupled theory, are
not invariant for the uncoupled theory. Nevertheless, it should be possible to perform certain
calculations using the full coupled invariant integral and then obtain results for time in-
dependent, uncoupled theories by a limiting process. Some consideration of this is given later.
To obtain these invariant integrals for the coupled time dependent thermoviscoelastic theory we
first Laplace transform the coupled equations of motion and then construct a Lagrangian which
produces the transformed equations as its Euler-Lagrange equations. Once this Lagrangian (L)
is constructed it is straightforward to construct invariant integrals in terms of a tensor

Plj=_a—£ﬁi.l+i0-,l—lvali (1.1

U i

where 4, are the Laplace transformed displacement components and 4 is the Laplace trans-
formed temperature. To do this we follow a prescription outlined by Eshelby{4]. It should be
noted that in 4] the argument is phrased in terms of the Energy-momentum tensor whereas no
such physical description is applicable to the tensor P; defined in eqn (1.1) since this is defined
in the Laplace transformed domain.

The tensor P; defined in (1.1) can be directly useful as a stress-analysis tool in certain
special situations. To illustrate this we consider in Section 3 the problem of a semi-infinite crack
in an infinite strip with spatially independent boundary conditions on the strip sides. For such
boundary conditions it is possible by means of a path independent integral to determine the
singular field of the crack tip from calculations made as x, tends to plus or minus infinity in the
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strip. Calculations of this kind have been made by Nilsson[5] for a homogeneous viscoelastic
strip and by Atkinson[6] for inhomogeneous strips, i.e. strips in which the moduli may vary
spatially in a direction perpendicular to the crack direction. Each of these applications is to
situations where the crack is stationary in a time dependent stress field. Situations involving
steadily moving cracks in displacement loaded inhomogeneous strips have been considered by
Atkinson[7] and this and other applications are discussed in {8]. Since in these applications the
moduli vary with position in a direction perpendicular to the crack direction the calculations of
[6, 7T} include the case of a crack lying at the interface between two dissimilar media. A discussion
of such an interface crack in the stationary bimaterial elastic case has been discussed
independently by Smelser and Gurtin{9] although explicit calculations were not considered.

The calculations of Section 3 are set up to deal with the general coupled case with a variety
of spatially independent boundary conditions on the strip sides. However, in certain situations
it is not possible to extract explicit information about stress intensity factors even in principle.
For example if the temperature boundary conditions are such that singular thermal gradients
are anticipated at the crack tip then the integral considered in Section 3 will only give a linear
combination of the squares of a stress intensity factor and the thermal intensity factor
(coefficient of thermal gradient times r'? ahead of the crack tip). This is reminiscent of what
happens in the bimaterial elastic case. For other boundary conditions however, explicit
determination of intensity factors should be possible even in the coupled case. The- algebra
involved is quite complicated and so various simplified cases are considered in Section 3. The
results are given in terms of the Laplace transform variable so further work is required to give real
time results. Certain limiting large time results can be obtained relatively easily and are discussed in
Section 5.

We have noted at the beginning of this introduction that invariant integral formulations for
static linear thermoelasticity are either not suitably invariant or are not zero on the crack faces,
and hence cannot be used for the applications envisaged here. The full coupled theory outlined
in Section 2 and 3 should however be applicable to static situations as the limit £ - (or p +0)
of a transient situation. Although this is correct it is perhaps more complicated than neccessary
if only a static analysis is required. As a simple alternative we derive in Section 4 a variational
principle for a set of “pseudo” static thermoelastic equations which reduce to the usual ones when
a certain coefficient tends to infinity. Calculations of the kind discussed in Section 3 can then be
made directly in real time for steady thermoelastic situations.

Finally in Section 5 some generalizations are discussed and a comparison made of the
results of Sections 3 and 4. It should be noted that the invariant integral approach used here
leads to a determination of the square of the intensity factors (in favorable cases). The sign of
the intensity factor must be determined by other considerations, e.g. symmetry. Furthermore
since the stress intensity factor is a local quantity at the crack tip, this only determines the
opening of the crack near the tip. To determine in critical cases the opening of the full extent of
the crack a full analysis is required.

2. INVARIANT INTEGRALS FOR COUPLED, TIME DEPENDENT,
THERMOELASTICITY AND THERMOVISCOELASTICITY

For brevity we begin with the equations of the linear theory of coupled thermoviscoelasti-
city as given for example in Christensen[10]. The corresponding equations for the coupled
thermoelastic case can be easily seen as a limiting case. Without body forces the relevant
equations can be written

055 = p3* il ot* @2.1)
€; = % (u,-‘,' + uj,i) (22)
(the commas denoting partial differentiation)

and

a6(7)
ar

t 4
ag; = J; G,'jkl(t - T) _(96:;_1__7(.7')_ dr - J:') d),’j(l - 7') dr (anisotropic) (21)
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with
= Git-n #4847 soropic) (24)

O'gﬂLt Gz(t~r)%mdr~3L‘ ¢(t—r)§%§?d-r.

The deviatoric components s; and ¢; are defined as
1
5i =053 8o,  Si=0
i
€= €5~ § 5,;6&*, & = 0. (2,5)

The summation convention is applied to repeated indices and i, j and k take the values 1, 2
or 3.
The heat conduction equation is given by

%H,‘, ;3: m(t- )éﬂ(f)d +2 f ¢yt -1 )Mdf (anisotropic) (2.6)
or
T, b = atj M(T)d +at] (1 - )Mdf (isotropic). @7

In the above equations ky, or k, m(f) and ¢4(f) or ¢(¢) are mechanical properties of the material.
Similarly the functions Gi(f), G(t) are the relaxation moduli. The reader is referred to [10] for
more details of this formulation. 8() denotes the infinitesimal temperature deviation from the
base temperature 7,.

Suppose now initial conditions are considered in which

D =ut)=o;()=0 for t<0. 2.8)

Then Laplace transforming eqns (2.1)-(2.8) gives the equations

Gyy = pp7; 29)
& =3+ i) (2.10)
Gy = PGy ~pdy6 (anisotropic) @11
or

5= pG-.é-}-, Gu = pGréy — 3ol (isotropic)
§i =0y “% Oyl €= & "% i (2.12)
and for the temperature
(kyl To) 8, = p*mifi + p*,&; (anisotropic) @.13)
or

(kI Ty)8,; = p*mb + p*é,  (isotropic). (.19
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The notation
f=[ emsar @15
[}

has been used for the Laplace transform. Note that if the viscoelastic moduli pGy, etc. are
replaced by constants independent of p and similarily pé; are replaced by material constants
independent of p then the above equations reduce to the time transformed thermoelastic
equations. _

It is convenient for our subsequent formulation to define a tensor ¢#; as

t;=pGyé, (anisotropic) (2.16)

or
t; = pGé; +§l 8pGréy (isotropic). .17

Then (2.11) and (2.12) can be written

;= t; —pd;@ (anisotropic) (2.18)
Gy = t; — pdBd; (isotropic).

Our procedure for finding invariant integrals will be to first find a Lagrangian for the above
system of equations and then to apply systematically a procedure outlined in {4} for generating
invariant integrals via the energy momentum tensor. The arguments outlined in [4] have in mind
applications to situations where the invariant integrals have physical s1gn1ﬁcance such as the
force on a defect. However, it is possible to apply the procedure even when the resulting
integrals may not themselves have any physical significance but may nevertheless serve as
{weakly) useful tools in stress analysis.

One possible Lagrangian for the anisotropic eqns (2.9)~(2.11) and (2.13) can be written

L= prig* (2.20)

R

2 - -
i %—u i, + ZTI ki, +

N!-—-

where £; is defined in (2.16).

To check this recall that if (2.9)-(2.11) and (2.13) are to be generated by a variational
principal of the form, [ L dV stationary, then they must result from the Euler-Lagrange
equations:

d (dL\ 3L _ .
35; ( aa,-',-) o0 =123 2.21)
(the summation convention applying to the index j)
and
2 (i’_:) _Ly, 2.22)
ax; \a8,/ a6

Note that in the above denvanon the dependence L(d, @, 6,5 8,x;) is considered and the
symmetries t,, = t,,, ¢,, &y, ky = ky are assumed. Furthermore, eqns (2.9)-(2.11) and (2.13) will
still follow from (2.20), (2 23) and (2.22) even if the coefficients G‘,,d, qb‘,, m and k; depend
explicitly on the x; (i.e. spatially inhomogeneous media). In this last case the Lh.s. of eqn (2:6)
and subsequent equations would be replaced by (k;8,),;.
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If we now define the tensor

P, ([ a.L u,'1+ 8% 0,’ le,' (2.23)
oy a8,

then it can be shown in an elementary manner (see [4, 6]) that

Py=- (%)w 2.24)

The subscript explicit indicates that the partial differentiation is with respect to the terms in x,
which appear explicitly in the Lagrangian. From (2.23) and (2.20) we deduce that

ki
"’"(tu p“li)ul.l'*' op rlesl L‘sl;

hence

g, — L&y, (2.25)

Py = — ayityy +Toup- 6,6,

Given P;; it is possible to derive invariant integrals as, for example,
F= L P, ds, 2.26)

where ds; = n;ds, n; being the outward normal to the surface element dS. Taking S as a closed
surface in the body which does not enclose any singularities a straightforward application of the
divergence theorem leads to

F;=fVP’inV

and this equals zero from (2.24) provided L does not depend explicitly on x;.
For the isotropic problem designated by eqns (2.9), (2.10), (2.12) and (2.14) we can write

2 k.
L= —5 iy~ P i + pglin, + T 6.8, +5 mé? .27
or
L= e - péb, i, + —"—5 +2 g (2.28)
2 ,,6,, 2 i 188§ T 2 .

provided ¢ does not depend explicitly on spatial coordinates (x;). In this case either of (2.27) or
(2.28) leads to the field equations (2.9), (2.10), (2.12) and (2.14). The difference between (2 28)
and (2.27) is the divergence (i;),. When ¢ does depend on the x;, expression (2.27) is the

correct Lagrangian to use.
Defining P; as in (2.23) gives from (2.27) the formula

k
P, = (B -0 ]ll,'l + = T 0,,0,{ L8,, (2.29)
or if (2.28) is used P is given as
k
Py=— by, - P¢"/0,l + ,10,1 Léy; (2.30)

We stress that in (2.29), L is defined by (2.27) whereas in (2.30) L is defined by (2.28).
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3. APPLICATIONS OF SECTION 2

3.1 The coupled thermoviscoelastic strip

In the following sections, we will consider the plane strain problem of determining the. stress
intensity factors for a semiinfinite crack in a finite width strip, Fig. 1. From eqn (2.26), the
invariant integral

F= J P, ds; @3.1)

is zero around any closed path which does not contain a singularity. One such path, ABCDEFG
is shown in the figure. For the present purposes, it is sufficient to consider

F,= f P, ds; =0 (3.2)

where Pj; is given by eqn (2.29) or (2.30) for an isotropic material. Along the segments BC and
GAn = e, and

f P, ds, = f P,ds,=0 33)
GA BC

since & and @ are independent of x, on the strip sides.
Similarly, along the crack faces, EF and DE, n = +¢, and from eqns (2.29) and (2.30)

Pp=- Gill;, (34
or
Py =—tali;, (3.5

provided 6 does not depend on x, on the crack faces. Now for a stress free crack, eqn (3.4) is
identically zero. However, eqn (3.5) is seen to be zero only when 8 is also zero along the crack
face. This restriction must be born in mind when attempting to apply the invariant integral based
on eqn (2.30). For this reason, we will use the tensor P;; given by eqn (2.29) in the remainder of
this discussion.

The results of eqns (3.3) and (3.4) reduce eqn (3.2) to

§ Pli ds,' =[AB PU dsi+fCD P” dsi+fFG Plj ds,- (3.6)

crack
tip
‘where the integral around the crack tip is evaluated on a counter clockwise contour. The result
given in eqn (3.6) is particularly useful since the integrals on the r.h.s. may be evaluated for
|x;| > . In this limit, the governing eqns (2.9), (2.10), (2.12) and (2.14) are taken to be
independent of x, and reduce to a set of coupled ordinary differential equations.

X2
T=8f(t), u,=0, up=ueg(t)

c 8
) €
F;&——T —+
s Al

T=8F(1), u,=0, uz=~ugg(t)

Fig. 1. Integration contour used to determine the stress intensity factor for a semiinfinite crack in a finite
width thermoviscoelastic strip.
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As |x,| =, the equilibrium equation (2.9), reduces to
Guz = ppi; (3.8)
with the strain displacement equation given by

€= % (2 + @) 39

and the temperature field determined from

5. 6n= Pl + P, 6.19
0
The constitutive eqn (2.12) yields

op= Péléz—%(él - G—z)sfzf-zz-l’&aé (3.11)

The first equilibrium equation with (3.11) and (3.9) gives
% éxﬁa.zz = pp*ily G.12)

with the boundary condition & =0 on x, =+ h as |x,| > ». The solution of (3.12) yields &, =0.
The remaining equilibrium equation yields

Gy +26G) .z -
[ 20 g, pia] = i 6.13)

where ,, = (d/dx;). Equations (3.10) and (3.13) form a system of coupled ordinary differential
eauations for the temperature field and the displacement at |x,| >,
The governing equations may be rewritten as

[D(pGD) - pp*)it,~ p$Di =0 (3.14)
(D>~ ap?)§ - p*iDia, = 0 (.15
where
p=L, =812 ;. AL f;=§gﬂ.
The resulting characteristic equation obtained by substituting (3.15) into (3.14) is
pGD* — (p*aG + pp* + p*¢7) D* + p*pa = 0. (3.16)

The roots of (3.16) are found to be

g2, = RQ?AG + pp + p*¢i) + p\/(p?aG + pp + p*&iY ~ 4p*aGp)
G

G.17)

and the displacement and temperature fields are
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iy = A, sinh B8,x, + B, cosh B,x,+ A, sinh 8,x, + B, cosh B,x, (3.18)

- 206 — op? 203 _ 02
6= E'—%G‘TJEL (A, cosh B;x, + B, sinh 8,x;) +EZ—I;GP—$EE- (A; cosh B,x, + B, sinh B5x;)
2 2

where Ay, A,, B, and B, are determined by the boundary conditions at plus and minus infinity.

Equations (3.18) do not present particular problems in the evaluation of (3.6). However, the
subsequent algebra is quite lengthy and will not be presented. In addition, the coupling of the
displacement and temperature fields does not allow the stress intensity and thermal intensity
(coefficient of singular thermal gradient at crack tip) to be separated in situations where this
thermal intensity is non-zero. Thus, in the following section, we will examine the behavior at
the crack tip for an uncoupled problem.

3.2 The uncoupled thermoviscoelastic strip

Equations (3.14) and (3.15) may be uncoupled by letting k > = while requiring & to remain
finite. This limit is also obtained for all time if the material is incompressible, i.e. 4 = 0. The
characteristic equation (3.16) is then seen to have roots given by

13122195
Bzzzg—zg. (3.19)
p

We note that 8, and B, are the Laplace transform analogs of the thermal and mechanical wave
speeds. Equation (3.18b) reduces to

_ 2077 2
g= MBG?;—QP_ (A, cosh Byx, + B, sinh B,x,) (3.20)
1

while (3.18a) remains unchanged.

We now consider the boundary conditions as x,—»®. As shown in Fig. 1, the strip is
considered to have the same time varying temperature field applied at x, + h while the edges are
displaced by equal and opposite amounts. Thus as x, -, we require

8 = 8og(p)
b= tuf(p) at x,=xh (3.21)

Applying (3.21) to (3.20) and (3.18a) gives the temperature and displacement fields, x, >

i) = bog(p) (S o2) 62

02) = (o (p) - C sinh ) SREEL C s o,

where

____PeBibe®)
pG(B* - B;?) cosh B h

As x,- —, the boundary conditions (3.21) still obtain at x,= * h. However, we must
introduce additional conditions along the crack face x, = 0. Along this line, we will assume the
crack is stress free and insulated. These conditions correspond to

72(0) = pGity,(0) — p6(0) =0 (3.23)
8,,(0) = 0.
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Equations (3.20) and (3.18a) then yield as x,>—

§xy) = bog(p) 2L B%2 (3.24)

y(xs) = - B2 C sinh B3, + (uof(p)+gz C sinh B,h
B B

- Csinh B1k) %%ss%%ﬁ%* Csinh B.h

where C is as in (3.22) and + applies depending on whether x, >0 or x, <0. _

We note that the temperature fields at + « are identical. Indeed, for the insulated crack with
symmetrically applied temperatures at * h the temperature field is independent of x; and hcgce
is nonsingular. In addition, the boundary displacements will give rise to only a mode I opening
at the crack tip. Thus, we can explicitly determine the stress intensity factor K;(p) from eqn
(3.6). Substituting eqns (3.22) and (3.24) into (3.6) gives after some algebra

26 C\p o o 2
f P, ds,-=§—i;1%~2%§7[uof(p)—(a)(ﬁ, sinh B, — B, sinh p,h)]. (3.25)

crack
tip

The stresses and displacements near the crack tip are taken to be of the form

5= 14®) 626)
- _2121([7) 2 12 . R
i=2 22 (%) 50,90.5G) 62

where the functions f; and g have the same angular form as those of the well known .eiastic
case (see Williams[11]). Note that the angle ® used here is not to be confused with the
temperature. The integral around the crack tip can be shown to be

I ¢i(.) )(..____ZG-'“?Z 328
$ Pyds L G,+2o)' (3.28)
crack
tip

Combining (3.25) and (3.28) yields
_ A (06 3 )72 i
Kitp) = [ECOLEL IO o) - (&) Businh Bih - Bosinh Bah] (029)

for the Laplace transform of the stress intensity factor.

Note that the above result has been derived using the full coupled variational principle and
invariant integral (2.27). However, because of the special nature of the boundary condition
(3.21), a simple alternative treatment is possible which affords a check on the above result. First
the stress distribution in the strip in the absence of the crack is analyzed subject to the specified
thermal boundary conditions and in addition the conditions that o5 and u;, are zero on x, =0 for
all x,. This stress and thermal distribution (which depends only on x,) can thus be subtracted (by
superposition) from the original crack problem without violating the boundary conditions on the
crack line x, =0. This will induce in general a non-zero displacement u, on the strip sides. To
account for this, one need only solve a viscoelastic (elastic) problem subject to this displace-

ment boundary condition. Such problems of layered media, etc. have been considered by
Atkinson[6, 7].
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3.3 Singular temperature gradients

In the preceeding section, it was possible to calculate the K;(p) explicitly since the
temperature gradient at the crack tip was nonsingular. This generally will not be the case.
However, when the field equations are uncoupled, it is still possible to compute the magnitudes
of the stress singularities by subtracting out the terms associated with the singular temperature
gradient. In the following, we consider the problem of determining the thermal intensity factor
in a layered composite, Fig. 2. The corresponding elastic problem has been treated by
Atkinson[6, 8].

The parts of F, in eqns (2.26), (2.27) and (2.29) associated with the thermal field are

F* = L [‘L' 0,0, - 8y (TI% 8,6, +%’Z—l‘ 52)] ds;. (3.30)

Using arguments similar to those in Section 3.2 and [5, 7} and assuming continuity of flux and
temperature at the interface, a result identical to eqn (3.6) is obtained

F*|  =F|utFli . (3.31)

crack
tip

and we need only find the solutions as |x,| >
The assumption that the x, dependence in the field equations vanishes as |x,| -« gives a pair
of governing equations

0,8 =pad® i=1,2 (3.32)
for the temperature field. Here &; = (1i1;To/k;). The solution of eqn (3.32) is
8 = A; sinh Bx,+ B, cosh Bx, i=1,2 (3.33)
where 8; = /(p*a;). The constants are determined from the boundary conditions

OO+ hy = hy) = £6f(p) |1;] >

o _
id"n_ =6P0)=0 x—-o (3.34)

and as assumed earlier, the required continuity of flux and temperature at the interface

00+ hy) = 62(+ hy)
ki5(% hy) = ka8, P(+ ). (3.35)
The evaluation of the constants using eqns (3.34) and (3.35) is tedious but straightforward.

Having determined the A;’s and B;’s, eqn (3.33) may be used to evaluate the r.h.s. of (3.31).
After some algebra, the result is found to be

Bk 8 = 8ofi1) 4
N, s, ™
Lo @) 2n,
dn Xt __L
___hf-_

=6, (1

Fig. 2. Finite width, layered thermoviscoelastic strip containing a semi-infinite crack.
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B(F o+ Pl )= = 2282 63 st 28shslcost? Bohy ~ A2 By

- %{‘% 8,2f4p)A? sinh B,y [cosh Bk, cosh 28;h,
+ A sinh plh; sinh 233’13] (3.36)

where

2 =Ks
kiB:

and
A= % sinh 28;hy[cosh? Bk, + A? sink? B.h;] +§- sinh 28,h, cosh 28,h,.

We note that this result coincides with that of Atkinson[7,8] for a crack in a layered media
subjected to harmonic boundary displacements.

The evaluation of F, around the crack tip remains. We will take the near tip field to be of the
form

7= ko) (%) sin (g) (3.38)

This field satisfies the zero flux condition on ® = + 7 and produces singular fluxes ahead of the
crack. Insertion of (3.38) into (3.30) and evaluating as r-> 0 gives

- k K‘h )
Fx] erack "‘f@z s
tip

Equations (3.36) and (3.39) give the Laplace transform of the thermal intensity factor for a
problem where the crack face is insulated. These results may be subtracted from an uncoupled
thermoviscoelastic problem allowing one to obtain the transformed stress intensity factors.
Relations similar to (3.36) may also be produced for problems in which the temperature is
prescribed along the crack face provided it is not a function of x;.

(3.39)

4. VARIATIONAL PRINCIPLE AND INVARIANT INTEGRALS FOR A MODEL
SYSTEM OF EQUATIONS, AND THEIR APPLICATION TO STEADY STATE
THERMOELASTIC PROBLEMS

We consider here a model system which will be seen to apply to steady state ther-
moelasticity in an appropriate limit. The approach is analogous to that of Section 2 although
somewhat simpler. Consider the Lagrangian

L=-—%t,,€ﬁ+¢‘ﬂuu+-§ 6,0, @1
where
= % (uyy + ;)
ty = Guey (anisotropic) 4.2
and

t; = 2pe; + Aeydy(isotropic).
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The above Lagrangian depends on u;, u;;, 6 and 6; and thus leads to the Euler equations

3L g g £ (2L) 5L
ij (3ui,j)_0 and 3x,~ 60,; a0 0 (43)

(the summation convention with respect to repeated indices is used in the above equations as in
earlier sections). In terms of #;, etc. these Euler equations can be written

(— t; + ¢;0),;=0 (anisotropic) (4.4)
and
k0,;,- - ¢,’iuu = 0 (4.5)

In the isotropic case ¢@; is replaced by ¢,d;. Following the procedure described earlier we
define

aL oL
Py=Sy + 3 g~ 15,
1j 3uu 1 30,,— 1 1
=(—t; + ¢y0)u;, + k6,0, — L3; (4.6)

and it can be easily shown that Py;; =0 provided L does not depend explicitly on x, and the
Euler equations are satisfied.

The field equations (4.4) and (4.5) can be viewed as a “pseudo” set of coupled thermo-elastic
equations under time-independent conditions. Putting k = « in eqn (4.5) gives the usual steady
state equations of thermoelasticity. Moreover, the integral

F|=jp1i ds,- (4-7)

with Pj; defined in (4.6) above is path independent since P,;; =0 is consistent with the field
equations (4.4) and (4.6) which should tend to the usual (steady) thermoelastic equations when
k-, Note, that contributions to F; for the integrals taken along a contour such as shown in
Fig. 1 will be zero along the crack faces for temperature boundary conditions such as those
discussed in Section 3. Note also that it is straightforward to generalize the Lagrangian (4.1) to
deal with anisotropic thermal fields such as considered by Atkinson and Clements[12]. The last
term in (4.1) is simply replaced by 3k;#6,4,;

4.1 Applications, cracks in strips. (Isotropic)
(1) Insulated plane crack. Suppose the temperature boundary conditions are

#=80, on x,==h for all x,

4.8)
30 _
— =0 on the crack x,=0, x, <0.
aX2
and in addition displacements are applied to the strip sices, i.e.
Uy = Uy, ;=0 0n x,==h forall x,. 4.9

The crack is, of course, stress free so

op=0o0n x,=0, x, <0 i=12. (4.10)



Invariant integrais for thermo-viscoelasticity and applications 545

The stress being defined as

o= tq - ¢,,0 (anisotropic)
(4.11)
= t;; - ¢083'i0 (iSOtropiC).

With the above boundary conditions it is easily seen that P, is zero on the crack faces and on
the strip sides x, =+ h. We now apply the procedures discussed in Section 3. We consider a
contour such as shown in Fig. 1 and evaluate the contributions to F; from the path taken
through the vertical strips AB and CD at x, > or — respectively. To do this we assume that
the boundary conditions are such that variations in field quantities in the x, direction are zero at
x; =+, With this assumption the field equations (4.4) and (4.5) become (in the isotropic case)

(—1nt+40),=0
ke‘zz - ¢“22 ={ (4 12)

with
b= +2p)uz,.

Solving the coupled eqn (4.12) and substituting into (4.7) gives using the path independence of
the integral, after some algebra, the result

0 kliz h
fP., ds; = 0 +2' 0 tanh [Em?%—mﬁ} = 2uyndob (4.14)
!lp

ti2
—-——-3(21:; 28)~ coth [ doh }

The Lh.s. of this equation can be easily evaluated around a vanishing small circle at the crack tip
to give

1_
i.m P,ds; = K,!ﬁ--z—#ﬂ (4.15)
tip

where from symmetry the only singular terms at the crack tip are due to the usual r~'?2
singularities in the crack tip stresses and

o =0Qr) ?K,\r'? as r-0 on x,=0,x,>0. (4.16)

Letting k - in eqn (4.14) gives using (4.15)

JIERINIES A Y V.
th i A [(A'*ép.) “20]

and hence

X (1 _V)uz (A ;24;)112(“20_6%%82,_2)) 4.18)

2u

which ought to be the solution for the corresponding steady thermoelastic prob!em (i.e. with the
temperature equation 8 ; = 0). The result (4, 18) agrees with the result obtained in Section 3 as
the steady state limit p =0 of the solution given there.

Note, that since we are interested in the steady thermoelastic situation one could proceed by
solving eqns (4.12) at x; > + o in the limit k—, Doing this for the situation where ¢ and
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(A +2u) may vary with x, (symmetrically about x, =0 for convenience) leads to the resuit

i K (522) " = [un-0, [l /[ [ 2] (4.19)

and the subscript 0 on (1 - »)/{2u is to indicate that these moduli are evaluated on x, =0. It
should be emphasized that the full (isotropic) Lagrangian of eqn (4.1) has been used in these
calculations, only the far field (x, » + ) calculations have been simplified with the assumption
k- o to deduce eqns (4.19).

(2) Insulated crack disturbing a uniform temperature gradient. For this case the temperature
boundary conditions are

8=x8, on x,==xh
4.20)
:; =0 on the crack x,=0, x,;<0.
X
Since the temperature field is an odd function of x, the only non-zero stress induced on the
plane x, =0 in the absence of the crack will be a shear stress.
The boundary conditions are

u,=0=u, on x,==h forall x,. 421
and since the crack is stress free
g,=0on x,=0, x,<0. (4.22)
For the coupled case a similar calculation to that shown in Example 1 gives

P ds;=— 2olk(A +2u))'"8)

crck (A +2p)sinh ((k()‘zf5 ;ilx)) 2)

2 2 2
= ’“‘ %a‘l-’%’-‘zﬂ-w(l/k) as k-,

Nete that as k—« in eqn (4.5) this equation reduces to the usual steady state heat equation, i.e.

=(. The solution of this equation subject to the boundary conditions (4. 20) can be found by
the methods of Section 3 (compare Section 3.3 as p tends to zero). Thus the thermal intensity
factor can be found separately in this limit, its use in evaluating the Lh.s. of (4.23) leads to the
term —8,2k/h. The stress-intensity factor in the limit k =% can then be deduced from the second
term in (4.23), and leads to the result

4.23)

f
dph )1 i 424

K = boby ((1 T L AT

for the shear stress intensity factor induced by the thermal field in the steady thermoelastic
limit.
5. CONCLUDING REMARKS

Invariant integrals have been derived (Section 2) and are valid for time-dependent coupled
thermoviscoelasticity even when the viscoelastic moduli, thermal diffusivity etc. vary spatially
in directions perpendicular to the crack plane. In Section 3 we have applied these integrals to
certain crack problems in a thermoviscoelastic strip. For certain bouddary conditions it is
possible to determine explicit crack tip stress and displacement fields using such invariant
integrals and calculations made as x, tends to plus and minus infinity in the strip (see Fig. 1).
Although the procedure outlined in Section 3 is inherently simple, in practice it can be
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algebraically complicated and moreover gives explicit results in terms of the Laplace transform,
so more work is required to determine real time results.

It is relatively easy, however, to extract results for small and large times from the full
Laplace transformed results by means of various Tauberian theorems. For example, the large
time behavior is related to the behavior of the transform as the transform parameter p tends to
zero. Thus in the results of Section 3.2, e.g. if we let p tend to zero we obtain results in
agreement with those of Section 4.1, Example 1, if f(p) and g(p) are chosen so that they tend to
infinity like 1/p as p tends to zero. Such a choice is consistent with the existence of the steady
state.

It should be noted that the procedure we have outlined can also be applied to other field
equations.

For example, the results of Section 2 may also be used to derive invariant integrals for the
non-simple elastic materials[13]. The governing equations for the infinitesimal theory are[13]

% Tji— ot —m(T—aTu)=0 5.1

Bl + (A + p)u — (T — aT ) = pii;. (5.2
In (5.1) and (5.2), A and u are the Lame moduli, a is the temperature discrepancy, and T is the
deviation of the conductive temperature from a constant reference T;. Also in (5.1) and (5.2),

we have taken the heat supply and body force to be zero. Laplace transforming eqns (5.1) and
(5.2) gives

k = _ _ _
T, T;—pdi;;—mpT - apTy)=0 (5.3)

pilg + A+ p)ig — (T, — aT ) = pp*a, 54

For a =0, eqns (5.3) and (5.4) are simply the equations of coupled thermoelasticity and the
Lagrangian as given by (2.27) is

- 2 - - - -
L=- t,-is_,'j—géL IZ;IZ;+¢TIZ,~_,~+‘_— T‘T,+"2'—l T2 (55)

B =

where
t-;i = /\sije.kk + Z[LE,,
The corresponding ‘““energy—momentum tensor” is found in eqn (2.29)

- k=i
Py = -y, + T, T,T, - L§; (5.6)
where
;= t;— 98, T.
We note that eqns (2.28) and (2.30) may also be used to define an invariant integral. However, it
should be recognized that P; in eqn (2.30) may not be zero along the crack faces. The condition
of zero stress along the crack faces requires &, be zero but not f;,.

For the full eqns (5.3) and (5.4), a Lagrangian may be sought by adding a term like ¢a7°',;,ﬁ;_,
to (5.5). Such a term will give the correct field equation for displacement (5.4), but the Fuler

equation for the temperature
92 aL d {dL L
()2 (%) 2
axox; dT;" ax; T, T
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does not yield equation (5.3). However, equations (5.3) may be rearranged to give
k F _ = .
—7—.6+ pma)T; ~ poit;; ~ mpT = 0. (5.8
Substituting for T in eqn (5.4) gives
- ¢’ _ 1 . o 4
}Lu“‘kk +iA +"“§""""“—"+ jA u,-';-,' - (}5 I "'"""7("——"—' Tig = pp ;. (59}
e
paTy m pmaT, 1

It is recognized that the displacement terms may be derived from a pseudo-elastic strain energy
density function by defining a constant

2
N=a+—
k +m
pal,
Thus eqn (5.9) can be written as
pllg O+ )i — 0T = pp?i; (5.10)
where
n= d; 1 —__T}m .
+1
pmaT,

We see that eqns (5.8) and (5.9) are of the same form as the coupled equations for simple
thermoelastic materials and the Lagrangian is

Py 2 a w’ T I
i 8 i+ Ty +1 ( . T.T; +Z; Tz)

L=~ 3 + \2Top

B ] e

where
1= A 8y6u + 2u8; ¢.10
K =k+pmaT,

The “energy-momentum tensor” for eqn (5.11) is
Pj=~dy &i,ﬁ_fﬁﬁ_ T,T,- Lé; 5.12)
pTod !
where
&y =t~ n8T.

Thus the results in Section 3 apply equally well to the non-simple thermoelastic materials with
appropriate definition of the material properties.
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